Summary: In the glucose analog method for determining local glucose utilization rates, time courses of tissue and plasma radioactivity are measured and then analyzed in terms of first-order exchange of label between tissue compartments, The rate of glucose utilization is assumed to have a fixed, linear relationship to the analog phos phorylation rate calculated from the fitted rate constants, Accurate estimation of the rate constants requires many hours of dynamic data acquisition, Therefore, techniques assuming a linear relationship between analog phosphor ylation rate and total tissue concentration of label were developed to predict glucose utilization rates from a
single scan. Previously reported linearizations differ in their sensitivity to differences between current and av erage kinetic rate constants, and thus in their accuracy.
We have developed a method that is insensitive to the from many animals sacrificed at identical times after administration of label. Even in the event of nondestructive measurement of tissue concentra tion using positron tomography, a method requiring several hours of data acquisition is simply imprac tical on a routine basis. Methods have been devel oped, therefore, to estimate the analog phosphor ylation rate, and hence the glucose utilization rate, from the tissue concentration of radiolabel mea sured at a single time. The methods still require the full time course of the arterial radioactivity between administration and tissue measurement, but the time is typically less than 1 h.
The first of these estimation methods was devel oped for glucose utilization studies using [ 1 4 C]_ deoxyglucose (DG) measured in the rat brain with film autoradiography (Sokoloff et aI., 1977) and then adapted to humans using 2-fluoro-2-deoxY-D glucose (2-FDG) and positron tomography (Reivich et aI., 1979) . This method was further refined by Phelps and Huang (Phelps et aI., 1979; Huang et aI., 1980) . Their model of 2-FDG kinetics in the human brain explicitly includes the effects of phos-phatase-catalyzed hydrolysis of analog 6-phos phate. Recently, Brooks (1982) introduced an alter native approach to formulation of the single-scan estimations providing more accurate results than the previous formulations in many situations. We report yet a third approach and demonstrate its par ticular advantage in the estimation of glucose utili zation in ischemic tissue. It is important to empha size the essential similarity among the approaches. All represent estimation techniques and none claims to be an exact solution. No simple combi nation of compartmental concentrations is at all times proportional to the rate of phosphorylation we wish to measure. In the sections to follow, we point out that the models differ only in their as sumption of which combination of compartmental concentrations will most likely vary proportionally with the phosphorylation rate. In a given situation, for example, in ischemia, edema, and hypo-or hy perglycemia, one such combination, and thus one particular single-scan approach, may provide the greatest accuracy.
THEORETICAL DEVELOPMENT
We first briefly review the theoretical basis common to all the single-scan approaches. The la beled analogs are assumed to be present only in trace amounts, small enough to avoid altering the steady state of glucose transport and metabolism. The kinetics of the labeled analog can therefore be described by the linear first -order model shown in Fig. 1 . Processes represented by the rate constants k1 and k2 correspond to the carrier-facilitated trans port of analog between plasma and tissue. The rate constant k3 corresponds to hexokinase-catalyzed phosphorylation of free analog in the tissue to an alog 6-phosphate, and the rate constant k4 to phos phatase-catalyzed hydrolysis of the 6-phosphate back to free analog. Cp(t) represents the time course of the plasma free analog concentration. In all methods of glucose utilization rate determination, this time course must be measured. The total local tissue concentration of radiolabel Cj(t) is modelled as the sum of the tissue free analog concentration CE(t) and the tissue analog 6-phosphate concentra tion CM(t). In the dynamic approach to glucose uti lization rate determination, the model rate con stants k] to k4 are estimated by fitting the time course of Cj(t) measured over a long period of time.
The analog phosphorylation rate, and thus the glu cose utilization rate, can be calculated directly from the fitted parameter values. In the single-scan ap proaches, the glucose utilization rate is estimated directly from the value Cj(T) measured at a single time T.
In the event that the kinetic rate constants are known, calculation of the steady-state analog phos phorylation rate is straightforward. For unit plasma analog concentration, the quantity in the tissue free analog compartment is just this unit concentration times the free analog distribution volume in the tissue. The conventional expression for the tissue free analog distribution volume is k/(k2 + k3). The rate constant k3 represents the rate at which this quantity of tissue free analog is turned over by the phosphorylation process. The steady-state analog phosphorylation rate at unit plasma analog concen tration (MR) is thus the product of k3 and the dis tribution volume:
This rate is assumed to have a fixed, linear rela tionship to the rate of net glucose utilization in the same tissue. Dividing the analog phosphorylation rate by the proportionality constant LC, one ob tains the utilization rate of glucose for unit plasma glucose concentration. The physiological interpre tation of the constant LC is clearly described in several references (Sokoloff et aI., 1977; Phelps et aI., 1979; Huang et aI., 1980) . At plasma glucose concentration Cg, the net glucose utilization rate is (Huang et aI., 1980)
To describe the nature of the single-scan methods, we first require a more detailed descrip tion of the compartmental model and its solution.
The first-order model equations corresponding to Fig. 1 are
where the symbol * represents mathematical convolution and where
The rate constant k4 is known to be � 30 times smaller than k2 + k3 in normal brain, In this case, al is on the order of k4, and a2 on the order of k2 + k3, Compartmental concentrations are seen to be the convolution of the plasma time course C p (t) with different linear combinations of a slow exponential response function exp( -a l t) and a more rapid func tion exp( -a2t). If we write the total solution, Ci(t) = CE(t) + CM(t), and gather terms proportional to these two functions, we obtain where that is, C p U) convolved with the rapid response function, and similarly that is, C p U) convolved with the slow response function.
These model predictions for CE(t) , CM(t), CR(t), and C s (t) allow a straightforward summary of the estimation methods in the literature and a demon stration of their relationship to each other and to our new approach. In each of the methods, the met abolic rate is estimated from a single scan of the total tissue concentration Ci(T) using an approxi mate linear relationship: (Sokoloff et aI., 1977; Phelps et aI., 1979; Huang et aI., 1980) (12) (Brooks, 1982) -
(present study) All rate constants are average population values. The quantities C g and LC are defined above. The primed model predictions are calculated with Eqs. 5-10, using the measured arterial time course C p (t) and the average rate constants. In Eqs. II -13 the glucose metabolic rate is estimated by multiplying the population average metabolic rate by the terms in the brackets; these terms thus represent estima tions of the ratio between the true and the average metabolic rates. In Eq. 11, the concentration of an alog 6-phosphate CM(T) is assumed to be directly proportional to the metabolic rate, while the tissue substrate concentration C E(T) is assumed to be in dependent of it. The term in brackets is thus the current CM(T), estimated as Ci(T) -C�(T), divided by the population average C�(T). The basis of the bracketed term in Eq. 12 is Brooks' observation that the constant coefficient in the expression for C s (t) (Eq. 10) is nearly equal to MR (Eq. 1) (Brooks, 1982) , and that Cs(T) is therefore more nearly pro portional to the metabolic rate than is CM(T). In Eq. 12, the current Cs(T), estimated as Ci(T) -C�(T), is divided by the population average C�(T). The bracketed term in Eq. 13 reflects the assumption that the total tissue concentration Ci(T) is propor tional to the metabolic rate. Equation 13 also has the special feature that the denominator, C�(T) + C�(T), is proportional to kl. This factor of k) can cels with the kl in the numerator, leaving an esti mate of the metabolic rate that is independent of the presumed kl value.
As already noted above, there is in fact no simple combination of the compartment concentrations that is everywhere proportional to the metabolic rate. Equations 11-13 represent approximations, each with a unique sensitivity to discrepancies be tween the true and the average rate constants ki. This idea is considered further in the Discussion section below to a 1% discrepancy between the actual kinetic rate con stants k1 to k4 and the presumed average values. The dashed curves were calculated using Eq. 11, the dashed-dotted curves using Eq. 12, and the solid curves with Eq. 13. The discrepancies are clearly time-dependent and account for the time dependence of the metabolic rate values calculated with any single-scan method. Figure 2 shows a comparison of the percent error in utilization rates calculated using each of the three methods for a negative 1 % discrepancy between ac tual and average values for each of the four kinetic parameters in turn. With the use of the techniques of Huang et al. (1980 Huang et al. ( , 1981 and Brooks (1982) , the discrepancies were calculated using actual model calculations for a specific case. A data set C/t) was generated using a presumed plasma time course Cp(t) and the gray matter average parameter set of Phelps et al. (1979) and Huang et al. (1980) , with each rate constant in turn set to a value 1 % less than the population average. Metabolic rate esti mates as a function of time were then generated using Eqs. 11-13, and the percent discrepancy be tween the predicted values and the true rate cal culated. The dashed lines in Fig. 2 represent the predictions of Eq. 11, the dashed-dotted lines those of Eq. 12, and the solid lines those of Eq. 13. The new method is seen to be insensitive to discrepan cies in the blood flow-capillary wall transport pa rameter k J ' making it particularly applicable in cases of ischemia or impaired transport at the cap illary wall. Further, the degree of discrepancy due to the parameter k4 is smallest for the new method at all scan times, and to parameter k2 for all scan times after 25 min. However, the new approach shows an increase in the error due to discrepancies in k3' relative to those of the previous methods, until several hours after injection. A discrepancy of 1 % in the rate constants was chosen for presenta- Sets A and B were generated from published ischemic tissue data (Hawkins et aI., 1981) , C is from published kinetic pa rameters for a normal patient (Huang et aI., 1980) , and D is from ischemic tissue data from a study performed in our laboratory. In each set the horizontal line represents a dy namic estimation of the local cerebral metabolic rate for glu cose, the solid lines are Eq. 13 predictions, the dashed dotted lines are Eq. 12 predictions, and the dashed lines are
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Eq. 11 results. In set D each point represents the estimation (solid circles, Eq. 13; open squares, Eq. 12; solid triangles, Eq. 11) from a single 5-min scan.
tion to facilitate comparison with the previously re ported techniques. Discrepancies in individual rate constants ranging up to 50% were also examined. The relative performances of the three techniques remained similar to those shown in Fig. 2 , with the magnitude of the errors increasing with nearly linear dependence on the percent error in individual rate constants. Figure 3 shows single-scan analog phosphoryla tion rate predictions for each approach as a function of scan time. The horizontal line for each set of curves represents the analog phosphorylation rate estimated using least squares fitting of the serial data sets from each patient. Data sets A and B were generated from published patient data on ischemia (Hawkins et al., 1981) , set C was generated from published data on normal subjects (Huang et al., 1981) , and set D is from data acquired in our labo ratory. In the curves for sets A-C the dashed lines represent the predictions of Eq. 11, the dashed dotted lines those of Eq. 12, and the solid lines those of Eq. 13. For each curve set (A-C) a data set Cj(t) was generated using a presumed plasma time course and a particular published rate param eter set. The metabolic rate predictions were gen erated from Eqs. 11-13 using the same presumed plasma time course, simulated tissue concentration Cj(t), and population average rate parameters. The curve set D represents the analysis of an ischemic region of interest from the patient data shown in Fig. 4 . The left-hand image in Fig. 4 is a quantitative blood flow map generated using the fluoromethane technique (Holden et al., 198 1) , and the right-hand image is a representative scan from a 2-FDG study performed on the same transverse slice. In Fig. 3D , the solid circles represent the predictions of Eq. 13, the open squares those of Eq. 12, and the solid tri angles those of Eq. 11. Again the horizontal line shows the estimation of the metabolic rate calcu lated using least-squares analysis of the dynamic data.
DISCUSSION
While single-scan techniques can often provide accurate predictions of glucose analog phosphory lation rates, it must be pointed out that this type of analysis is only an estimation procedure and not an exact solution. The accuracy of a given single-scan technique is dependent upon the nature of the lin earization employed and the discrepancies between the subject and population average rate parameters. The technique described in this article (Eq. 13) is insensitive to discrepancies or abnormalities in the blood flow-capillary wall transport parameter kl' which makes it valuable in the analysis of data from ischemic tissue. Three examples of its improved predictive capabilities were presented in Fig. 3 (curve sets A, B, and D).
The linearization described by Eq. 11 assumes that differences between the measured tissue con centration and the predicted concentration (calcu lated using average rate parameters and a measured input function) are due to variations in the tissue analog 6-phosphate concentration CM(t). This tech nique gives good predictions when the rate param eter k3 varies significantly from the presumed pop ulation average value.
The linearization technique represented by Eq. 12 is based on the fact that the slow component of the total tissue concentration is approximately pro portional to the analog phosphorylation rate. Pre dictions of the phosphorylation rate are calculated assuming that differences between the measured and predicted tissue concentration are due to changes in the slow component of the total tissue concentration.
It is interesting to note that the technique of Eq. 12 outperforms one or the other of the other tech niques in a given study but rarely outperforms both. The quantitative relationships among the primed (popUlation average) quantities in Eqs. I I -13 force the value calculated by Eq. 12 to fall between those of Eqs. 11 and 13 for all practical parameter sets. We would thus expect either Eq. 11 or 13 to give better predictions than Eq. 12 in almost all in stances. Equation 12 can outperform both of the other techniques when certain specific discrepan cies in the rate parameter set exist. In these in stances all the techniques give very good predic tions of the analog phosphorylation rate.
From the discussion above it is clear that each of these techniques can provide the best prediction of the glucose utilization rate in specific instances. Therefore, we should attempt to understand which method works best in a given application and choose the technique most appropriate for the con ditions being studied.
